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Abstract—Quantum information processing is a rapidly
mounting field that promises to accelerate the speed up of
computations. The field utilizes the novel fundamental rules of
quantum mechanics such as accelerations. Quantum states carry-
ing quantum information are tempted to noise and decoherence,
that’s why the field of quantum error control comes. In this
paper, we investigate various aspects of the general theory of
quantum error control - subsystem codes. Particularly, we first
establish two generic methods to derive subsystem codes from
classical codes that are defined over finite fields F, and F 3.
Second, we derive cyclic subsystem codes and using our two
methods, we derive all classes of subsystem codes. Consequently,
we construct two famous families of cyclic subsystem BCH and
RS codes. Cyclic subsystem RS codes are turned out to be
Optimal and MDS codes saturating the singleton bound with
equality. Third, we demonstrate several methods of subsystem
code constructions by extending, shortening and combining given
subsystem codes. Finally, we present tables of upper and lower
bounds on subsystem codes parameters "

I. INTRODUCTION

Quantum information processing as a growing exciting field
has attracted researches from different disciplines. It utilizes
the laws of quantum mechanical operations to perform phys-
ical exponentially speedy computations. In an open system,
one might wonder how to perform such computations in
the presence of decoherence and noise that disturb quantum
states storing quantum information. Providentially, the goals of
quantum error-correcting codes are to protect quantum states
and to allow recovery of quantum information proceeded in
computational operations of a quantum computer. Henceforth,
one seeks to design good quantum codes that can be efficiently
utilized for these goals.

A well-known approach to derive quantum error-correcting
codes from classical self-orthogonal (or dual-containing) codes
is called stabilizer codes, which were introduced a decade
ago. Stabilizer codes inherit some properties of clifford group
theory, i.e., they are stabilized by abelian finite groups. In the
seminal paper by Calderbank at. et [0], various methods of
stabilizer code constructions are given, along with their prop-
agation rules and tables of upper bounds on their parameters.
In a similar tactic, we also present subsystem code structures
by establishing several methods to derive them easily from
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classical codes. Subsystem codes inherit their name from the
fact that the quantum codes are decomposed into two systems
as explained in Section [II. The classes of subsystem codes that
we will derive are superior because they can be encoded and
decoded using linear shirt-register operations.

Subsystem codes as we prefer to call them were mentioned
in the unpublished work by Knill [15], [14], in which He
attempted to generalize the theory of quantum error-correcting
codes into subsystem codes. Such codes with their stabilizer
formalism were reintroduced recently [16], [19], [17], [13],

(5]

This paper is structured as follows. In section [II, we present
a brief background on subsystem code structures and present
the Euclidean and Hermitian constructions. In section [1II,
we derive cyclic subsystem codes and provide two generic
methods of their constructions from classical cyclic codes.
Consequently in sections V| and [V, we construct families
of subsystem BCH and RS codes from classical BCH and
RS over F; and F,. defined using their defining sets. In
sections [VI and [VII, we establish various methos of subsystem
code constructions by extending and shortening the code
lengths and combining pairs of known codes, in addition,
tables of upper bounds on subsystem code parameters are
given in section [VIII

Notation. If S is a set, then |S| denotes the cardinality of
the set S. Let ¢ be a power of a prime integer p. We denote
by F, the finite field with ¢ elements. We use the notation
(z|ly) = (x1,...,2n|Yy1,--.,Yn) to denote the concatenation
of two vectors = and y in Fy. The symplectic weight of
(zly) € F2" is defined as

swi(ely) = {(zs,y) # (0,0)| 1 < i <},

We define swt(X) = min{swt(z) |z € X,z # 0} for any
nonempty subset X # {0} of F2".

The trace-symplectic product of two vectors u = (a|b) and
v = (a'|b') in F2" is defined as

(ulv)s = trg/p(a’ -b—a-b'),

where - y denotes the dot product and tr,,, denotes the
trace from F, to the subfield F,,. The trace-symplectic dual
of a code C' C F2" is defined as

Ct ={veF,"| (vJw)s =0 for all w € C}.



S. A. ALY, : STRUCTURES AND CONSTRUCTIONS OF SUBSYSTEM CODES, TECHNICAL REPORT, DEPT. OF COMPUTER SCIENCE, TAMU, JANUARY 2008.. 2

Fig. 1. Stabilizer and subsystem codes based on classical codes

We define the Euclidean inner product (z|y) = >""" | z;y; and
the Euclidean dual of C' C FZ as

o ={z € F | (z]y) = 0 for all y € C}.

We also define the Hermitian inner product for vectors z,y
in Fl, as (z[y)n = S aly; and the Hermitian dual of
CC ng as

Ctr ={z e Fi2 | (zly)n =0 for all y € C}.

II. SUBSYSTEM CODES BACKGROUND

Let  be the Hilbert space C¢" = C?® C! ® ... ® CI.
Let {|z) | € F}} be the vectors of orthonormal basis of
C?", where the labels |z) = |z,) @ |z2) ® ... ® |z,). For
a,b € Fy, we define the unitary operators X (a) and Z(b) in
C1 as follows:

X(a)|z) = |z +a),  Z0)|z) =" z),

where w = exp(2i/p) is a primitive pth root of unity and tr
is the trace operation from F, to F,

Now, we can define the set of error operators F =
{X(a)Z(b)|a,b € F,} in an error group. Let a =
(a1,...,a,) € Fyy and b = (by,...,b,) € Fy. Let us denote
by

X(a) = X(a1) ® -+ @ X(an) and ,

Zb)=2Z(b)® --- @ Z(bn)

the tensor products of n error operators. The set E =

{X(a)Z(b) | a,b € F7} form an error basis on C?". We

can define the error group G as follows
G={wE=wX(a)Z(b)|a,beF, ceF,}

q

A. Subsystem Codes

Let @ be a quantum code such that H = Q@ Q=+, where Q-+
is the orthogonal complement of (), see |1l Recall definition
of the error model acting in qubits as shown in the previous
subsection. We can define the subsystem code @) as follows

Definition 1. An [[n, k,r,d]], subsystem code is a decompo-
sition of the subspace () into a tensor product of two vector
spaces A and B such that Q = A® B, where dim A = ¢* and

dim B = ¢". The code Q is able to detect all errors of weight
less than d on subsystem A.

Subsystem codes can be constructed from the classical
codes over F, and F 2, see Fig 2. We recall the Euclidean
and Hermitian constructions from [2].

Lemma 2 (Euclidean Construction). If C is a k'-dimensional
F,-linear code of length n that has a k" -dimensional subcode
D=CnNCt and k' + k" < n, then there exists an

[n,n— (K +E"), K — &', wt(D*+\ C)],
subsystem code.

Proof: Let us define the code X = C x C C Fg”,
therefore X1 = (O x C)ts = C+s x Ct+. Hence Y = X N
Xt = (CxCO)N(C+s x C++) = D x D. Thus, dimp, Y =
2k”. Hence |X||Y] = ¢2*+¥") and |X|/|Y] = 2K+,
By Theorem [2, Theorem 1], there exists a subsystem code
Q = A® B with parameters [[n, log, dim A, log, dim B, d]],
such that

i) dim A = g"/(|X||Y])}/2 = gn K=K
i) dim B = (|X|/|Y])/2 = ¢¥ =",
i) d =swt(Y+:\X) = wt(D+\ O).
|

Lemma 3 (Hermitian Construction). If C' is a k'-dimensional
F j2-linear code of length n that has a k"' -dimensional subcode
D=CNCY and k' + k" < n, then there exists an

[[n,n — (K" + k"), k' = K", wt(D" \ O)]],
subsystem code.

Proof: See [2, Theorem 5] [ ]

III. CycLic SUBSYSTEM CODES

In this section we shall derive subsystem codes from
classical cyclic codes. We first recall some definitions before
embarking on the construction of subsystem codes. For further
details concerning cyclic codes see for instance [11] and [18].

Let n be a positive integer and F, a finite field with ¢
elements such that ged(n,q) = 1. Recall that a linear code
C C F7 is called cyclic if and only if (co,...,cp1) in C
implies that (¢,—1,¢o,...,Cn—2) in C.

For g(z) in F,[z], we write (g(x)) to denote the principal
ideal generated by g(z) in F,[z]. Let 7 denote the vector space
isomorphism 7: Fy — R,, = Fy[z]/(z" — 1) given by

w((coy.. yCn_1)) =co+crx+---+ Cno12" 4+ (™ —1).

A cyclic code C' C F7 is mapped to a principal ideal 7(C') of
the ring R,,. For a cyclic code C, the unique monic polynomial
g(z) in F[z] of the least degree such that (g(z)) = n(C) is
called the generator polynomial of C. If C' C Fy is a cyclic
code with generator polynomial g(z), then

dimgp, C = n — degg(x).

Since ged(n,q) = 1, there exists a primitive n' root of
unity « over Fg; that is, Fy[a] is the splitting field of the
polynomial ™ —1 over F,. Let us henceforth fix this primitive
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Fig. 2. Stabilizer and subsystem codes based on classical codes

n™ primitive root of unity c. Since the generator polynomial
g(x) of a cyclic code C' C Fy is of minimal degree, it follows
that g(x) divides the polynomial 2™ — 1 in F[x]. Therefore,
the generator polynomial g(x) of a cyclic code C' C Fj can
be uniquely specified in terms of a subset T" of {0,...,n—1}

such that
9@) = [J (@ - o).
teT

The set T is called the defining set of the cyclic code C' (with
respect to the primitive n'™ root of unity «). A defining set
is the union of cyclotomic cosets modulo n. The following
lemma recalls some well-known and easily proved facts about
defining sets (see e.g. [L1]).

Lemma 4. Let C; be a cyclic code of length n over F, with
defining set a T; for i = 1,2. Let N = {0,1,...,n— 1} and
T{ = {at mod n|t € T} for some integer a. Then

i) C1NCy has defining set Ty U Ts.

ii) Cy + Cy has defining set Ty N Ts.
iii) C1 C Cy if and only if Ty C T1.

iv) Ci- has defining set N \ Ty *.

V) Cf‘h has defining set N \ T; " provided that q = r? for

some positive integer 1.

Notation. If T is a defining set of a cyclic code of length
n, then we denote henceforth by T the set

T ={at mod n|t € T},

as in the previous lemma. We use a superscript, since this no-
tation will be frequently used in set differences, and arguably
N\ T~7 is more readable than N \ —qT.

Now, we shall give a general construction for subsystem
cyclic codes. We say that a code C' is self-orthogonal if and
only if C' C C+. We show that if a classical cyclic code is
self-orthogonal, then one can easily construct cyclic subsystem
codes.

Proposition 5. Let D be a k-dimensional self-orthogonal
cyclic code of length n over ¥ . Let Tp and Tph1 respectively
denote the defining sets of D and D*. If T is a subset of
Tp \ Tps, then one can define a cyclic code C of length
n over F, by the defining set Tc = Tp \ (T UT™1). If
r = |TUT™Y is in the range 0 < r < n — 2k, and

d = minwt (D1 \ C), then there exists a subsystem code with
parameters [[n,n — 2k —r,r,d]],.

Proof: Since D is a self-orthogonal cyclic code, we have

D C D+, whence Tpr C Tp by Lemma 4] iii). Observe that

if 5 is an element of the set S = Tp\Tp. = Tp\ (N\Tp"),

then —s is an element of S as well. In particular, 77! is a
subset of Tp \ Tp...

By definition, the cyclic code C' has the defining set T =

Tp \ (T UT™1); thus, the dual code C* has the defining set

Tor = N\T;' =Tp U(TUT™Y).
Furthermore, we have
TeUTer = (Tp\ (TUT ) U(Tp UTUT™Y) =Tp;

therefore, C N C*+ = D by Lemma 4 1).
Since n—k = |Tp| and r = |[TUT |, we have dimp, D =
n — |Tp| = k and dimp, C = n — [T¢| = k + r. Thus,
by Lemma 2/ there exists an F4-linear subsystem code with
parameters [[n, &, p, d]],, where
i) k=dim D+ —dimC=n—k— (k+7)=n—2k—r,
ii) p=dimC —dimD =k+r—k=r,
iii) d = minwt(D+\ O),
as claimed. ]
We notice that if wt(D) < wt(D=1), then the constructed
cyclic subsystem codes are impure. In addition, if d =
wt(D+) = wt(D+\D), then the constructed codes are pure
up to d. A subsystem code is pure if and only if wt(D+\C) =
wt(D4). Thus, it is impure if wt(D+) < wt(D+\ C).
We can also derive subsystem codes from cyclic codes over
F ;2 by using cyclic codes that are self-orthogonal with respect
to the Hermitian inner product.

Proposition 6. Let D be a cyclic code of length n over F
such that D C D*r. Let Tp and Ty, respectively be the
defining set of D and D*". If T is a subset of Tp \ Tpi,,
then one can define a cyclic code C of length n over F
with defining set Tc =Tp \ (TUT 7). If n —k = |Tp| and
r=|TUT 9 with0 <r <n-—2k and d = wt(D*+» \ C),
then there exists an [[n,n — 2k — r,r,d]], subsystem code.

Proof: Since D C D=+, their defining sets satisfy
Tpi, C Tp by Lemmaldliii). If s is an element of Tp\T' 1, ,
then one easily verifies that —gs (mod n) is an element of
Tp\ Tpep.

Let N ={0,1,...,n—1}. Since the cyclic code C has the
defining set To = Tp \ (T'U T79), its dual code C** has
the defining set Ty, = N\ 159 =Tp, U(TUT 7). We
notice that

TcUTqy, = Tp\(TUT N U (Tpr, UTUT ) =Tp;

thus, C' N C+* = D by Lemma 4 i).

Since n — k = |Tp| and r = |T UT 7|, we have dim D =
n—|Tp| = k and dimC = n — |T¢| = k + r. Thus, by
Lemma 3] there exists an [[n, , p, d]], subsystem code with

i) kK =dim Dt —dimC = (n—k)— (k+7r) =n—2k—r,

i) p=dimC —dimD =k+r—k=r,
iii) d = minwt(D*» \ C),
as claimed. ]
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Stabilizer and subsystem codes based on classical codes

We notice that if wt(D) < wt(D*"), then the con-
structed cyclic subsystem codes are impure. In addition, if
d = wt(D1) = wt(D+*\D), then the constructed codes are
pure up to d.

The previous two propositions allow one to easily construct
subsystem codes from classical cyclic codes. We will illustrate
this fact by deriving cyclic subsystem codes from BCH and
Reed-Solomon codes.

IV. SuBsYSTEM BCH CODES

In this section we consider an important class of cyclic
codes that can be constructed with arbitrary designed distance
0. We will construct families of subsystem BCH codes.

Let n be a positive integer, ', be a finite field with ¢
elements, and « is a primitive nth root of unity. A primitive
narrow-sense BCH code C' of designed distance § and length
n is a cyclic code with generator monic polynomial g(x) over
F, that has o, a2, ..., a°! as zeros. c is a codeword in C' if
and only if c(a) = ¢(a?) = ... = ¢(a®') = 0. The parity
check matrix of this code can be defined as

1 o o? cee an!
1 a2 ot a2(n—1)

o= . . . . ) (1)
1 046‘_1 a2(¢;—1) a(5—1.)(n—1)

We have shown in [3], [4] that narrow sense BCH codes,
primitive and non-primitive, with length n and designed dis-
tance 0 are Euclidean dual-containing codes if and only if
2<6 < Opax = qmn_l(qu/ﬂ —1—(g—2)[m odd]). We use
this result and [1, Theorem 2] to derive primitive subsystem
BCH codes from classical BCH codes over F, and F .2 [2],
[41.

For simplicity, we will proceed our work for primitive
narrow sense BCH codes, however, the generalization for non-
primitive BCH codes is a straightforward.

Lemma 7. If q is power of a prime, m is a positive integer,
and 2 < § < gl™m/21 —1— (g—2)[m odd |. Then there exists a
subsystem BCH code with parameters [[¢™ — 1,n —2m[(d —
1)(1—-1/q)] —r,r,> 0]]g where 0 < r <n—2m[(6—1)(1—
1/q)].

Proof: We know that if 2 < § < ¢/™/?1 —1 — (¢ —
2)[m odd ], then there exists a stabilizer code with parameters
lg™—1,n—2m[(6—1)(1—1/q)],> 6]]q. Let r be an integer
in the range 0 < r < n —2m[(§d — 1)(1 — 1/q)]. From [}
Theorem 2], then there must exist a subsystem BCH code with
parameters [[¢™ —1,n—2m[(6 —1)(1 —1/q)] —r,7,> d]]q-

|

We can also construct subsystem BCH codes from stabilizer
codes using the Hermitian constructions.

Lemma 8. If q is a power of a prime, m is a positive integer,
and § is an integer in the range 2 < § < Jpayx = ¢ even] —
1 — (q® — 2)[m even], then there exists a subsystem code Q
with parameters

(™ =1, —1—=2m[(6 — 1)1 —=1/¢*)] = r, 7, dg > 0],

that is pure up to §, where 0 <r < ¢®™ —1—2m[(§—1)(1—
1/4%)].

Proof: If 2 < § < Opax = ¢™Fmee — 1 — (g2 —
2)[m even], then exists a classical BCH code with parameters
" =1, —1-—m[(6—1)(1—1/q)],> d], which contains
its dual code. From [1, Theorem 2], then there must exist a
subsystem code with the given parameters. |

Instead of constructing subsystem codes from stabilizer
BCH codes as shown in Lemmas [7, |8, we can also construct
subsystem codes from classical BCH codes over F; and F ;2
under some restrictions on the designed distance. Let C; be a
cyclotomic coset defined as {i¢’ mod n |j € Z}.

Lemma 9. If q is a power of a prime, m is a positive integer,
and 2 < § < ¢/™/?1 —1 — (¢ — 2)[m odd]. Let D be a
BCH code with length n = q™ — 1 and defining set Tp =
{Co,Ch,...,Ch_s}, such that gcd(n,q) = 1. Let T C {0} U
{Cs,...,Cn_s} be a nonempty set. Assume C' C Fy be a
BCH code with the defining set T = {Co,C1,...,Cn_s} \
(T UT™ ) where T-' = {—tmod n | t € T}. Then there
exists a subsystem BCH code with the parameters [[n,n—2k—
7,7, > 8)]g where k =m[(6—1)(1—1/q)] and r = |TUT~!|.

Proof: The proof can be divide into the following parts:

i) We know that Tp = {Cy,C1,...,Ch_s} and T C
{0} U{Cs,...,C,_s} be a nonempty set. Hence T =
{Cy,...,Cs_1}. Furthermore, if 2 < § < ¢l™/?1 —
1 — (¢ — 2)[m odd ], then D C D= . Furthermore, let
k = m[(6 —1)(1 —1/q)], then dim D+ = n — k and
dim D = k.

ii) We know that C' € Fy is a BCH code with defining set
T = TD\(TUT_I) = {CQ, C,..., Cn,(;}\(TUT_l)
where T-! = {~t mod n | t € T}. Then the dual code
C* has defining set T# = {C4,...,Cs_1 JUTUT 1 =
Tpr UTUTL. We can compute the union set Tp as
Tc U TCJ: = {Cy,C1,...,Cph—5} = Tp. By Lemma 4,
therefore, C' N C+ = D. Furthermore, if r = [T UT ™!,
then dimC' = k + 7.

iii) From step (i) and (ii), and for 0 < r < n — 2k, and by
Lemma 2, there exits a subsystem code with parameters
[[n,dim D —dim C,dim C' —dim D, d]]; = [[n,n — 2k —
r,7,d]]4, d = minwt(D+ — C) > 4.
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|

Also, we can derive subsystem BCH codes from classical

BCH codes over F,» as shown in the following Lemma,
see [4], [3].

Lemma 10. If q is a power of a prime, n,m are positive
integers, and ged(n,q) = 1. Let n = (¢*)™ — 1,2 < § <
q" —1—(q¢—2)modd] and T C {0} U{Cs,...,Cp_s}
Let C C F;‘2 be a cyclic code with the defining set Tc =
{Co,Ch,...,Crs}\(TUT~?) where T~% = {—qt mod n |
t € T}. Then there exists a cyclic subsystem code with the
parameters [[n,n—2k—r,r,> 0l]|q, where k = m[(6—1)(1—
1/¢*)] and 0 <r =|TUT™ I < n — 2k

Proof:
Taking in consideration that the classical BCH codes are
over F 2, we can proceed the proof as follows.

i) We know that the BCH code contains its Hermitian dual
code if 2 < § < ¢™—1—(q—2)[modd]. Let n =
(¢*)™ —1 and D** C F7, be a BCH code defined with
a designed distance 6. The dual code D" has defining set
Tpi, ={C1,...,Cs_1}. Consequently, the code D has
defining set {Cy, C1, ..., Cp_s} and it is self-orthogonal,
i.e., D C D**. Furthermore, if k = m[(6—1)(1-1/¢%)],
then dim D" = n — k and dim = k.

ii) We know that C C FZQ is a BCH code with defin-
ing set Tc = {Cy,C1,...,Ch_s} \ (T UT™9) where
T-% = {—qt mod n | t € T}. Then the dual code C--»
has defining set Tor, = {C1,...,Cs1} UT UT %
We can compute the union set Tp as Tc U Ty1, =
{Cy,C4,...,Cy_s}. Therefore, C N C+r» = D. Assume
r=|TUT9, then dimC =k +r

iii) From step (i) and (ii), and by Lemma 3|/ for 0 < r <
n — 2k, there exits a subsystem code with parameters
[[n,n—2k—r,r,d]],, where k = m[(6—1)(1—1/¢*)] and
0<r=|TUT 9 <n—2k, d=minwt(D+—C) > 4.

|
Table [l shows some families of subsystem BCH codes
derived from classical BCH codes. The subsystem code
[[21, 18,1, 2]] constructed using BCH codes, but the stabilizer
code [[21, 19, 2]]2 does not exist using the linear programming
bound [6].

It may be useful to end up this section with an example

Example 11. Consider a BCH code D with designed
distance d = 5 and length n = 2° — 1 over Fy. Then
Cy = {1,2,4,8,16}, Cy = {3,6,12,24,17}, and C5 =
{5,10,20,9,18}. Then T, = C1 UC5. Hence dim D = 10
and dim D1» = 21. Now, let T = Cs, so, T-9 = Cy; =
{11,13,21,22,26} and Tery, = Tpi, UT UT 9. We have
|Torn = 20|, therefore dimC = 20. Consegeuntly, there
exists a subsystem BCH codes with parameters [[n, dim D+ —
dimC,dimC — dim D, > §]], = [[31,1,10,> 5]]a. Some
subsystem BCH codes are shown in Table [l

V. SUBSYSTEM RS CODES

In this section we will derive cyclic subsystem codes based
on Reed-Solomon codes. Also, we show that given optimal

TABLE 1
SUBSYSTEM BCH CODES USING THE EUCLIDEAN CONSTRUCTION

Subsystem Code | Parent Designed
BCH Code distance

15747373”2 15777 5}2 4
15,6,1,3]]2 15,5,7]2 6
31,10, 1, 5]]2 31,11,11]> 8
31,20, 1, 3]]2 31,6, 15]2 12
63,6,21,7]]2 63,39, 9]2 8
63,6,15,7]]2 63,36, 11]> 10
63,6,3,7]]2 63,30, 13]2 12
63,18, 3, 7]]2 63,24,15]2 14
63,30, 3, 5]]2 63,18, 21]2 16
63,32, 1, 5]]2 63,16, 23]2 22
63,44,1, 3]]2 63,10, 27]2 24
63,50, 1, 3]]2 63,7,31]2 28
15,2,5,3]]4 15,9,5]4 4
15,2,3, 3]s 15,8, 6] 6
15747173”4 15767 7}4 7
15,8,1,3]]4 15,4,10]4 8
31,10,1,5]]4 31,11,11]4 8
31,20,1, 3]]4 31,6,15]4 12
63,12,9,7]]4 63,30, 15]4 15

[[63,18,9,7]]4 (63,27,21]4 16

[[63,18,7,7]]4 (63, 26, 22]4 22

* punctured code
+ Extended code

TABLE 11
SUBSYSTEM BCH CODES USING HERMITIAN CONSTRUCTIONS

Subsystem Code Parent Designed
BCH Code distance
[[14,1,3,4]]2 14,8, 5]52 6*
[[15,1,2,5]]2 15,8, 6]52 6
[[15,5,2,3]]2 15,6, 7]52 7
16,5,2,3]]2 16,6, 7]52 7t
17,8,1,4]]2 17,5,9]52 4
21,6, 3, 3]]2 21,9, 7]]52 6
[21,7,2,3]]2 [21,8,9]52 8
[[31,10, 1, 5]]2 [31,11,11]52 8
[[31,20,1, 3]]2 [31,6,15]52 12
[[32,10,1,5]]2 | [32,11,11]52 8+
[[32,20,1, 3]]2 32,6,15]52 12+
[[25,12, 3, 3]]3 25,8,12]32 9%
(26,6, 2,5]]3 26,11, 8] 32 8
26,12,2,4]]3 26,8, 1352 9
26,13,1,4]]3 26,7,14]32 14
80,1,17,20]]3 80,48, 21] 32 21
80,5,17,17]]3 80,46, 22|32 22

* punctured code
+ Extended code

stabilizer codes, one can construct optimal subsystem codes.
Recall that a Reed-Solomon code over F, is a BCH code with
length n = ¢ — 1 and minimum distance equals to its designed
distance J. Therefore, the RS code C' with designed distance
0 has defining set 7" with size § — 1. This can be seen as all
roots lie in different cyclotomic cosets. The dimension of a
RS code is given by n — § + 1. RS codes are an important
class of optimal cyclic codes. They are MDS codes, in which
Singleton bound is satisfied with equality.

Grassl et al. in [9] showed that optimal stabilizer codes with
maximal minimum distance exist with parameters [[n, n—2d+
2,d]]g over F, for 3 <n <gand 1 <d<n/2+1. Also,
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optimal stabilizer codes exist with parameters [[¢?, ¢*> — 2d +
2,d]])q for 1 < d < q over F, see [9, Theorems 9, 10]. These
codes satisfy the quantum Singleton bound k + 2d = n + 2.
The following subsystem codes are optimal since they obey
the singleton bound k + r + 2d = n + 2 as shown in [2}
Theorem 21].

Lemma 12 (Reed-Solomon Subsystem codes). Let g be power
of a prime.

i) If 0 < 6 < (q—1)/2 there exist subsystem codes with
parameters [[q—1,q—20 — 1 —r,r,§ + 1], and [[q,q —
20 —2—r,1,0+2]],

ii) If 0 < 0 < q — 1 there exist subsystem codes with
parameters [[¢> — 1,¢q> — 25 — 1 — r,r,d + 1]], and
[[q27 q2 —20—-2- T 7”,5 + 2”’1

Proof:

i) We know that if 0 < ¢ < (¢ — 1)/2, then there are
stabilizer codes with parameters [[¢—1,¢—20—1,0+1]],
and [[¢, ¢ — 20 — 2,0 + 2]],, see [9, Theorem 9]. Now, let
0 <r < q—2§—1, then using [1, Corollary 6], there
are subsystem codes with parameters [[¢—1,¢—20 —1—
r,r, 0 +1]]g and [[¢,¢ — 26 — 2 —r, 7,6 + 2]]4.

ii) Similarly, if 0 < § < g — 1, then from [9, Theorem 10],
there exist stabilizer codes with parameters [[¢? — 1, ¢ —
26—1,0+1]], and [[¢?, ¢*—20—2—r, r, 6+2]],. Assuming
0 <r < q?—25—1, then from [I, Corollary 6], there
exist subsystem codes with parameters [[¢> —1,¢% — 25 —
1—rmr6+1]], and [[¢°,¢* — 26 — 2 —r,7,6 + 2]],.

|
Instead of extending the subsystem code that we con-
structed, one can start with a subsystem code with length
n = ¢ and shorten it to a subsystem code with length
n = gq—1. These subsystem codes are all F ;2-linear. Therefore
they satisfy kK + 7 = n — 2d + 2. As a consequence the
subsystem codes in Lemma (12| are optimal. The subsystem
codes that we derive are not necessarily cyclic. In order to
derive cyclic codes we need to make further restrictions on
the codes. The following lemma gives an explicit construction
for cyclic subsystem codes based on the Reed-Solomon codes
over F.

Lemma 13. Let g be a prime power, andn =q—1,2 < <
(q=1)/2and T C {0}U{4,...,n—d}. Let C C F} bea cycllc
code with the defining set TC ={0,1,...,n—4} \ (TuT—1)
where T=! = {—t mod n |t € T}. Then there exists a cyclic
subsystem RS code with the parameters [[n,n—25+2—1r,r, >
8)lg where 0 <r =|TUT | <n—2(5+1).

Proof: We divide the proof to the following parts

i) We know that if 2 < § < (¢ — 1)/2, then there exists
classical cyclic code D+ that contains its dual code D,
ie., D C DL. The code D' has defining set Tp1 =
{1,2,...,6 — 1}. Therefore the defining set of D is given
by Tp = {0} U{1,--- ,n— 6} and D = C' N C+. Also,
dimD+t =n— (6§ —1) and dimD =6 — 1.

ii) Let T'C T be a nonempty set and 7~ = {—¢ mod n |
t € T}. Let C C Fy be a cyclic code with the defining
set Tc =Tp \ (TU T 1). We can actually compute the

defining set of the dual code C+ as Tr = The UT U
T—1. We notice that Tc UT. = {1,2,--- ,n—30}U{0} =
Tp.Letk=6—1and 0<r=|TUT | <n-—2k
iii) From steps (i), (ii) and by using Lemma 2, there is a
subsystem code with [[n,k,r,> §]];, where k = n —
26+2—rand 0<7r=|TUT ' <n—2(-1).
|
Also, cyclic subsystem codes, based on RS codes over F 2
can be derived as shown in the following lemma. Some codes
are shown in Table [II.

Lemma 14. Let ¢ be a prime power, n = ¢> — 1, and 2 <
§<(q—1). Let T C{0}U{qI,...,q(n—23)} be a nonempty
set. Let C C F7, be a cyclic code with the defining set T =
{0,q,...,q(n — &)} \ (T UT™9) where T-7 = {—qt mod
n | t € T}. Then there exists a cyclic subsystem RS code
with the parameters [[n,n — 2(§ — 1) — r,r,> 0]], where
0<r=|TUT Y <n-—2(6-1).

Proof: The proof is a direct consequence as shown in the
previous lemmas.

We know that if 2 < § < (¢ — 1), then there exists a cyclic
code D+ over F 2 that contains it is dual code D. The code
D" has length n, and minimum distance §. The defining set
of the code D is given by Tp = {q,2q,--- ,q(n — §)} U {0}

We just notice that the defining set of the dual code C* is
given by To1,, = {q,2q,...,q(0 —1)}UTUT 9. Furthermore,
Te UTqr, = {¢,2q9,-- ,q9(n — §)} U {0} = Tp. Hence,
DCC,DCCt, and D = CnNC*r. From Lemma 3|
there must exist a cyclic subsystem RS code with parameters
[[n, k,r,> 6]]q, where k =n —2(6—1)—rand 0 < r =
[TUT™ 9 <n—2(5+1). [ |

TABLE 111
OPTIMAL PURE SUBSYSTEM CODES

Subsystem Codes Parent
Code (RS Code)
[8,1,5,2]]3 8,6, 3]52
[[8,4 2,2]]3 (8,3,6]52
[8,5,1,2]]3 [8,2, )32
[9,1,4,3]]3 [964] 2,0 =3
[19,4,1,3]]3 9,3, 7]i276 =6
[[15,1,10, 3]]4 15,12, 4],2
[[15,9,2,3]]4 154,12 42
[[15,10, 1, 3]]4 15,3,13],2
[[16,1,9,4]]4 [16,12,5)1,,6 =4
24,1, 17,4]]5 24,20, 5|52
[[24,16,2,4]]5 24,5,20]52
[[24,17,1,4]]5 24,4, 21]52
([24,19,1,3]]5 24,3,22] 2
([24,21,1,2]]5 24,2, 23]52
(23.1,18.3]]s | [23,20, 4,0 =5
[[23,16,3,3]]5 [23,5,19]7,,6 = 20
[[48,1,37,6]]7 [48,42,7] ;2

* Punctured code
1 Extended code

In table IIIl we show various optimal subsystem codes
derived from RS codes. Some of these codes have been derived
by puncture existing subsystem codes. It is also possible to
derive some optimal impure subsystem codes. For instance
[[9,1,4,3]]2 is an optimal impure subsystem codes.
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a) Puncture Subsystem Codes: The MDS subsystem
codes constructed from RS codes can also be punctured to
other subsystem codes. Recall that if there is a subsystem code
with parameters [[n, k,r, d]], then there is a subsystem code
with parameters [[n — 1,k,r,> d — 1],. This is known as the
propagation rules of quantum code constructions.

We end up this section by presenting two examples to
illustrate the previous construction.

Example 15. Let C be a RS code with length n = q—1 =
6 over Fy. Define N = {0,1,2,3,4,5}. We can construct
subsystem code from RS codes with parameters 6,4, 3]7. This
code is a subcode-subfield in BCH codes with deigned distance
§=3. 80, Tpr ={1,2}, Tp ={0,1,2,3}, Tc = {1,2,3}
and Too = {0,1,2}. We notice that Tp = To UTo1 and
dimC = 3, dim D = 2 and dim D+ = 4. So, we have k=4-
3=1 and r=3-2=1. Consequently, there exists a subsystem code
with parameters [6,1,1,3] over Fr

The previous example shows the shortest subsystem codes
with length n = 6. However, it is not necessarily that this
code exists only over F7. In fact, as we were able to show
that there exists a subsystem code with length n = 6 over F3.

Example 16. Let Fi3 be the finite field with ¢ = 13 elements.
Let D be the narrow-sense Reed-Solomon code of length
n = 12 and designed distance § = 5 over Fi3. So, D+ has
defining set Tp. = {1,2,3,4}. Therefore, D is an MDS
code with parameters [12,8,5]. The dual of D* is a RS code
D with defining set Tp = {0,1,2,3,4,5,6,7}. Also, D is
an MDS code with parameters [12,4,9]. Clearly, from our
construction,
DC Dt Ty CTp

Now, let us define the code C by choosing a defining set Tc =
{1,2,3,4,7}. So, D C C < T¢ C Tp. Also compute the
defining set of C+ as Tpr = {0,1,2,3,4,6,7}. So, D C
Ct < To1 C Tp. We see from our construction of these
codes that

CQCL=D<:>T0UTCL =Tp.

Hence, we can compute the parameters of the subsystem
code as follows. The minimum distance is given by dp;, =
DH\C = 5, dimension k = dim D+ —dim C = 87 = 1, and
gauge qubits r = dim C —dim D = 7 — 4 = 3. Therefore, we
have a subsystem code with parameters [[12,1, 3, 5]], which is
also an MDS code obeying Singleton bound k+r+2d = n+2.

Actually, if we choose the defining set of C' to be T =
{1,2,3,4,6,7}, then the defining set of C* is TpL =
{0,1,2,3,4, 7}, then we get a subsystem code with parameters
dmin = DT\C =5, k = dim D+ —dimC = 8 — 6 = 2,
r = dimC —dimD = 6 — 4 = 2. Therefore, we have a
subsystem code with parameters [[12, 2,2, 5]], which is also
an MDS code. Some of subsystem RS codes are listed in
Table [[V.

VI. TRADING DIMENSIONS OF SUBSYSTEM CODES

In this section we show how one can trade the dimensions
of subsystem and co-subsystem to obtain new codes from a

TABLE IV
REED-SOLOMON(RS) SUBSYSTEM CODES

Subsystem Codes Parent
RS Code
[[15,1,10, 3]]4 [15,12,4],2
([15,1,8,3]]a (15,11, 5],2
[[15,1,6,3]]4 (15,10, 6] 2
[[15,2,5,3]]4 (15,9, 7],2
124,1,17,4]]5 (24,20, 5]52
[[24,2,10,4]]5 [24,16,9]52
[[24,4,10,4]]5 [24,15,10]52
[[24, 16, 2, 4]]5 [24,5,20]52
[[24,17,1,4]]5 (24,4, 21]52
[[24,19,1,3]]5 (24,3, 22]52
[[48,1,37,6]]7 (48,42,7] ;2
(48,2, 26, 6]]7 [48,36, 13|72

given subsystem or stabilizer code. The results are obtained by
exploiting the symplectic geometry of the space. A remarkable
consequence is that nearly any stabilizer code yields a series
of subsystem codes.

Our first result shows that one can decrease the dimension
of the subsystem and increase at the same time the dimension
of the co-subsystem while keeping or increasing the minimum
distance of the subsystem code.

Theorem 17. Let q be a power of a prime p. If there exists an
((n, K, R,d)), subsystem code with K > p that is pure to d’,
then there exists an ((n, K/p,pR, > d)), subsystem code that
is pure to min{d, d'}. If a pure ((n,p, R,d))q subsystem code
exists, then there exists a ((n,1,pR,d)), subsystem code.

Proof: By definition, an ((n, K, R, d)), Clifford subsys-
tem code is associated with a classical additive code C C Fg"
and its subcode D = C' N C*+ such that = |C|, y = |D|,
K = q"/(zy)'/?, R = (z/y)"/?, and d = swt(D+s — O) if
C # D+, otherwise d = swt(D+=) if Dt = C.

We have ¢ = p™ for some positive integer m. Since K and
R are positive integers, we have x = p*+2" and y = p°® for
some integers 7 > 1, and s > 0. There exists an F-basis of
C of the form

C= Spaan{Zla cee 3Ry Lstly Bstly e+ s Lstry Zs+r}

that can be extended to a symplectic Dbasis
{x1,21,. ., Tpm, Znm} of F27, that is, (z; | z¢)s = 0,
<Zk- | Zg>s = 0, <£Z}k ‘ Zg>s = 5k,£ for all 1 S k,g S nm,
see [7, Theorem 8.10.1].

Define an additive code

Cm = Spaan{Zlv oy Zey Ty 1y Zsgls oy Tsprily Zofril)-
It follows that
CLS _
m SpanF‘p{Zla vy Rsy Lsr42y Zs+r+2y -+ s Tnmys an}

and
D=C,NCk: = spang {z1,...,2s}.

By definition, the code C' is a subset of C,.

The subsystem code defined by C,, has the parameters
(n, Ky, Ry di ), Where K, = ¢"/(p*>+2p*)1/2 = K/p
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\ Family |

| Subsystem [[n,k —r, 7, dl¢. k>r >0 ]

Stabilizer [[n, k, d]],
]

Short MDS [[n,n —2d 4+ 2,d]]q

[[n,n—2d4+2 —r,r,d]]q

Hermitian Hamming n,n — 2m, 3|4

m > 2, [[n,n—2m —r,7,3]],

Euclidean Hamming n,n — 2m, 3|4

[([n,n—2m —r,r 3],

Melas [[n,n —2m,> 3],

[[n,n—2m —r,r,> 3],

Euclidean BCH

ln,n —2m[(6 — ) —1/g)],> 0]}

n,n—2m[(6 - DA - 1/g)[ —rr >l

Hermitian BCH

[n,n —2m[(6 — 1)1 —1/¢*)1, > ]l

[0, —2m[(6 — (A —1/¢))] — .7, > 0]

Punctured MDS

[a°> —go,¢® —gqa—2v —2,v +2]],

[® —qonq® —qo—2v—2—r,1,v +2]],

Euclidean MDS [[n,n — 2d + 2]]q

[[n,n—2d+2—71,7]]q

Hermitian MDS

lg” —5,4° —s —2d +2,d]],

HqQ*S,(IZ*S*2d+2*’f‘,7‘,d“q

Twisted q,q —r—2,3|q q,¢" —r—2—r,13|4
Extended twisted ¢ +1,¢4°-3,3 q ¢’ +1,¢¢-3-r,13 q
Perfect n,n—s—2,3||q n,n—s—2—rr3lq
n,n—s—2,3||q n,n—s—2—r,r3lg

Fig. 4. Families of subsystem codes from stabilizer codes

and R,, = (p*T2"+2/p*)}/2 = pR. For the claims concerning

minimum distance and purity, we distinguish two cases:

(a) If Gy, # D*<, then K > p and d,,, = swt(D+s — C),) >
swt(D+s —C) = d. Since by hypothesis swt(D+: —C) =
d and swt(C) > d’, and D C C C C,, € D*: by
construction, we have swt(C,,) > min{d,d'}; thus, the
subsystem code is pure to min{d,d'}.

(b) If C,, = D*+, then K,,, = 1 = K/p, that is, K = p; it
follows from the assumed purity that d = swt(D+s—C) =
swt(D+¢) = d,,.

This proves the claim. |

Theorem 18. Let q be a power of a prime p. If there exists an
F,-linear [[n, k,r, d]], subsystem code with k > 1 that is pure
to d', then there exists an F -linear [[n,k —1,r +1,> d]],
subsystem code that is pure to min{d, d'}. If a pure F,-linear
[[n,1,r,d]]q subsystem code exists, then there exists an F -
linear [[n,0,r + 1,d]], subsystem code.

Replacing F,-bases by F;-bases in the proof of the previous
theorem yields the following variation of the previous theorem
for F4-linear subsystem codes.

Theorem 19. Let q be a power of a prime p. If there exists a
pure F  -linear [[n, k,r,d]|, subsystem code with r > 0, then
there exists a pure F-linear [[n,k + 1,7 — 1,d]], subsystem
code.

VII. PROPAGATION RULES

We derive propagation rules of subsystem code construc-
tions.

Let Cq < F; and CQFZ be two classical codes defined over
F,. The direct sum of C; and C; is a code C < Fg" defined
as follows

C=C®Cy={uv|ueCC,veCy}. 2)
In a matrix form the code C' can be described as
Gy 0
c=( &)

An [n,ki,d1]q classical code Cy is a subcode in an
[e, ko, da], if every codeword v in Cj is also a codeword in

Cs, hence ky < ko. We say that an [[n, k1,71, d1]], subsystem
code (1 is a subcode in an [[n, ko, 72, d2]], subsystem code
Q2 if every codeword |v) in @1 is also a codeword in Q2 and
]fl +r1 S k2+7'1.

Notation. Let ¢ be a power of a prime integer p. We denote
by F, the finite field with g elements. We use the notation
(zly) = (x1,...,Zn|y1,--.,Yyn) to denote the concatenation
of two vectors = and y in Fy. The symplectic weight of
(zly) € F2™ is defined as

swi(zly) = {(zi, 9:) # (0,0)[1 < i <n}.

We define swt(X) = min{swt(z) |z € X,z # 0} for any
nonempty subset X # {0} of F2".

The trace-symplectic product of two vectors u = (a|b) and
v=(a|t') in F2" is defined as

(ulv)s = trg/p(a’ -b—a-b'),

where x - y denotes the dot product and tr,/, denotes the
trace from F; to the subfield F,,. The trace-symplectic dual
of a code C' C Fg” is defined as

C* ={v e F2 | (v|w)s = 0 for all w € C}.

We define the Euclidean inner product (z|y) = > ., x;y; and
the Euclidean dual of C' C Ff; as

CJ‘:{IEGFZ | (z|ly) =0 for all y € C}.

We also define the Hermitian inner product for vectors x,y
in 7, as (z|y)n = >, 2y, and the Hermitian dual of
CC FZQ as

cth={z e Flo | (zly)n =0 for all y € C}.

Theorem 20. Let C be a classical additive subcode of Fg”
such that C # {0} and let D denote its subcode D = CNC*s,
If t = |C| and y = |D|, then there exists a subsystem code
Q = A® B such that

i) dim A = g"/(xy)'/?,

i) dim B = (x/y)/2.
The minimum distance of subsystem A is given by
(a) d=swt((C+C+s) —C) =swt(D+s —C) if D+ £ C;
(b) d = swt(D+s) if D+ = C.
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Thus, the subsystem A can detect all errors in E of weight less
than d, and can correct all errors in E of weight < | (d—1)/2].

Extending Subsystem Codes. We derive new subsystem
codes from known ones by extending and shortening the length
of the code.

Theorem 21. If there exists an ((n, K, R,d)), Clifford sub-
system code with K > 1, then there exists an (n+1, K, R, >
d))q subsystem code that is pure to 1.

Proof: We first note that for any additive subcode X <
F2", we can define an additive code X’ < F2"2 by

X" = {(ac|b0) | (a|b) € X, € Fy}.

We have |X'| = ¢|X|. Furthermore, if (cle) € X1, then
(cale0) is contained in (X')*¢ for all a in F,, whence
(X1:) C (X’)*s. By comparing cardinalities we find that
equality must hold; in other words, we have

() = (X,

By Theorem 20, there are two additive codes C' and D
associated with an ((n, K, R,d)), Clifford subsystem code
such that

ICl=q¢"R/K

and
|D| =

" /(KR).

We can derive from the code C' two new additive codes of
length 2n+2 over F,, namely C’ and D' = C’'N(C’)*+. The
codes C’ and D’ determine a ((n + 1, K’, R',d")), Clifford
subsystem code. Since

D = C'nC)t=Cn
(Cnctey,

(e

we have |D’| = ¢|D|. Furthermore, we have |C’| = ¢|C]|. It
follows from Theorem 20| that

() K" = ¢ //[CT[D] = ¢/ /ICTID] =

(i) B = (C")/|D))'/* = (|Cl/ID)'* = .

(i) d' =swt((D")*ts\ C") > swt((DL=\ C)) =
Since C’ contains a vector (0a|00) of weight 1, the resulting
subsystem code is pure to 1. |

Corollary 22. If there exists an [[n, k,r,d]|, subsystem code
with k > 0 and 0 < r < k, then there exists an [[n+1,k,r,>
d)]q subsystem code that is pure to 1.

Shortening Subsystem Codes. We can also shorten the length
of a subsystem code and still trade the dimensions of the new
subsystem code and its co-subsystem code as shown in the
following Lemma.

Theorem 23. If an ((n, K, R,d)), pure subsystem code @
exists, then there is a pure subsystem code ), with parameters
((n - 1a qK7 R7 Z d - 1))11

Proof: We know that existence of the pure subsystem
code @) with parameters ((n, K, R, d)), implies existence of a
pure stabilizer code with parameters ((n, KR, > d)), for n >
2 and d > 2 from [}, Theorem 2.]. By [12, Theorem 70], there

exist a pure stabilizer code with parameters ((n — 1,¢K R, >
d—1)),. This stabilizer code can be seen as ((n—1,¢KR, 0, >
d — 1))4 subsystem code. By using [1, Theorem 2.], there
exists a pure F ;-linear subsystem code with parameters ((n —
1,¢K,R,> d — 1)), that proves the claim. [ ]

Analog of the previous Theorem is the following Lemma.

Lemma 24. If an F,-linear [[n,k,r,d]], pure subsystem
code @ exists, then there is a pure subsystem code Q, with
parameters [[n — 1,k +1,7,> d — 1]],.

Proof: We know that existence of the pure subsystem
code () implies existence of a pure stabilizer code with
parameters [[n,k + r,> d]], for n > 2 and d > 2 by
using [1, Theorem 2. and Theorem 5.]. By [12, Theorem 70],
there exist a pure stabilizer code with parameters [[n — 1,k +
r +1,> d — 1]],. This stabilizer code can be seen as an
[n—1,k+r+1,0,> d— 1]], subsystem code. By using
[1, Theorem 3.], there exists a pure F-linear subsystem code
with parameters [[n — 1,k + 1,r,> d — 1]], that proves the
claim. u

We can also prove the previous Theorem by defining a new
code C), from the code C' as follows.

Theorem 25. If there exists a pure subsystem code Q = A ®
B with parameters ((n, K, R,d)), with n > 2 and d > 2,
then there is a subsystem code @, with parameters ((n —
1,K,gR,>d—1)),

Proof: By Theorem 20, if an ((n, K, R, d)), subsystem
code @ exists for K > 1 and 1 < R < K, then there exists
an additive code C' € Fg” and its subcode D < Fi” such that
|C| = ¢"R/K and |D| = | = ¢" /K R. Furthermore,
d = minswt(D1:\C). Let w = (wy,wa, ..., w,) and u =
(u1,uz,...,u,) be two vectors in Fy;. W.l.g., we can assume
that the code D=+ is defined as

Dt = {(uw) € F?" | w,u € Fy}.
Let w_; = (w1, wa,...,wp—1) and wu_j =
(ur,ug,...,up—1) be two vectors in F}~'. Also, let

D;-S be the code obtained by puncturing the first coordinate
of D=, hence
D;‘S = {(u_1|w_1) € F2n72 ‘ w_1,U_1 € FZ’il}.

since the minimum distance of D=+ is at least 2, it follows
that \D1}5| = = K?|C| = K?¢"R/K = ¢"RK and
the minimum distance of Djs is at least d — 1. Now, let us
construct the dual code of DPLS as follows.

(DF) = {(uiwy) P22 |

(Ou_l\Ow_l) eD,w_q1,u_q € Fg_l}.
Furthermore, if (u_1|w_1) € D,, then (Ou_1|0w_1) € D.

Therefore, D,, is a self-orthogonal code and it has size given
by

|Dp| =q

qn_Q/RK.

We can also puncture the code C' to the code C,, at the first
coordinate, hence

Cp = {(U,1|U},1) € an—2 | wW_1,U_1 € Fg'_l,
(aw_1]bu_1) € C,a,b € F,}.
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Clearly, D C C and if ¢ = b = 0, then the vector
(Ou_1|0w_1) € D, therefore, (u—_1,w_1) € D,. This gives
us that D, C C,. Furthermore, hence |C| = |C,|. The dual
code C;-S can be defined as

CpLS = {(u,1|w,1) S an_Q | w_1,U_1 € FZ_17

(ew_1|fu—_1) € Ctee fe F,}.
Also, if e= f =0, then D, C C;-S, furthermore,

Dys = CoUCy" ={(u_1|w_y) €F"2|  (3)
(Ou_y|0w_,) € D} 4)

Therefore there exists a subsystem code @, = A, ® B,.
Also, the code D;-S is pure and has minimum distance at
least d — 1. We can proceed and compute the dimension of
subsystem A, and co-subsystem B, from Theorem 20 as
follows.

i) K, = 4"~ /\/1Cp]| Dyl =

¢~/ \/(¢"R/K)(¢" 2/RK) = K.

i) R, = (ICyl/ID,)Y? = ((q"R/K)/(¢"2/RE))/? =
qR,

(iii) dp = swt((Dp)* \ Cp) = swt((DL=\ Cp)) > d — 1.

Therefore, there exists a subsystem cod with parameters
(n—1,K,qR,>d—1)),.

The minimum distance condition follows since the code )
has d = minswt(D*+\C) and the code @, has minimum
distance as @) reduced by one. So, the minimum weight of
D;-+\Cy is at least the minimum weight of (D++\C) — 1

d, = minswt(D,"\C))
> minswt(D\C)—1=d—1
If the code ( is pure, then min swt(DLS) = d, therefore, the
new code @, is pure since d,, = minswt(D;<) > d.
We conclude that if there is a subsystem code with parame-

ters ((n — 1, K,qR,> d—1))4, using [I, Theorem 2.], there
exists a code with parameters ((n — 1,¢K,R,>d—1)),. ®

Reducing Dimension. We also can reduce dimension of the
subsystem code for fixed length n and minimum distance d,
and still obtain a new subsystem code with improved minimum
distance as shown in the following results.

Theorem 26. If a (pure)Fg-linear ([n,k,r,d]|, subsystem
code Q) exists for d > 2, then there exists an F,-linear
[,k — 1,7,de]], subsystem code Q. (pure to d) such that
de > d.

Proof: Existence of the [[n, k, r,d]], subsystem code Q,
implies existence of two additive codes C' < Fi” and D <
F2" such that [C| = ¢"~**" and |D| = |[CNC*<| = "7+
Furthermore, d = minswt(D++\C) and D C D==.

The idea of the proof comes by extending the code D by
some vectors from D=\ (C'UC*+). Let us choose a code D,
of size |¢"T1~"=k| = ¢|D|. We also ensure that the code D,
is self-orthogonal. Clearly extending the code D to D, will
extend both the codes C' and C*+ to C,, and C;-+, respectively.
Hence C, = ¢|C| = ¢"*'*"=% and D, = C. N Ct-.

There exists a subsystem code (). stabilized by the code C..
The result follows by computing parameters of the subsystem
code Q. = A, ® Be..

(i) K. = qn/\/ |Cel|De| =
qn/((anrlJrrfk)(anrlfkfr))l/Q _ qk717
(i) Re = (ICel/IDe])? =
((¢""' R/K) /(¢ /RK)V? = ¢,
(i) d. = swt((Dg)*+ \ C.) > swt((D*s \ C.)) = d. If the
inequality holds, then the code is pure to d.
Arguably, It follows that the set (DX=\C,) is a subset of the
set DJ-S\C’ because C < C¢, hence the minimum weight d,
is at least d. |

Lemma 27. Suppose an [[n,k,r,d||, linear pure subsystem
code @ exists generated by the two codes C, D < Fg”. Then
there exist linear [[n — m,k',r',d']]y and [[n — m, k' + 1" —
v d']q subsystem codes with k' > k —m, r' > r, 0 <
" <k +7', and d > d for any integer m such that there
exists a codeword of weight m in (D++\C).

Proof: [Sketch] This lemma 27! can be proved easily by
mapping the subsystem code @) into a stabilizer code. By
using [6, Theorem 7.], and the new resulting stabilizer code
can be mapped again to a subsystem code with the required
parameters. ]
Combining Subsystem Codes We can also construct new
subsystem codes from given two subsystem codes. The follow-
ing theorem shows that two subsystem codes can be merged
together into one subsystem code with possibly improved
distance or dimension.

Theorem 28. Let Q1 and Qs be two pure subsystem codes
with parameters [[ni1,k1,71,d1]]2 and [[n2, k2,72, ds]]2 for
ko +1ro < my, respectively. Then there exists a subsystem code
with parameters [[ny +ng — ko — 1o, k1 +11 — 1,7, d]]2, where
d>min{dy,d; +ds — ko —ro} and 0 < r < ky + 1.

Proof: Existence of an [[n;, k;, r;,d;]]2 pure subsystem
code Q; for i € {1,2} , implies existence of a pure stabilizer
code S; with parameters [[n;, k; + 7, d;]]2 with ko + 7o < nq,
see [1]. Therefore, by [0, Theorem 8.], there exists a stabilizer
code with parameters [[ny + no — ko — 79, k1 + r1,d]]2, d >
min{dy, dy +ds — ks —r2}. But this code gives us a subsystem
code with parameters [[ny +ng — ks — 72, k1 +71— 7,7, > d]]2
with ko + 72 < ny and 0 < r < k; + 1 that proves the claim.

|

Theorem 29. Let Q1 and Qs be two pure subsystem codes
with parameters [[n, k1,71, d1]]q and [[n, k2,72, ds]], respec-
tively. If Q2 C Q1, then there exists an [[2n, ki + ko + 71 +
ro — r,7,d)|g pure subsystem code with minimum distance
d > min{dy,2ds} and 0 < r < ki + ka + 71 + 2.

Proof: Existence of a pure subsystem code with parame-
ters [[n, k;, 74, d;]], implies existence of a pure stabilizer code
with parameters [[n, k;+7;, d;]]4 using [1, Theorem 4.]. But by
using [12, Lemma 74.], there exists a pure stabilizer code with
parameters [[2n, ki +ko+r1+72,d]|q with d > min{2ds, d; }.
By [1, Theorem 2., Corollary 6.], there must exist a pure sub-
system code with parameters [[2n, k1 + ko +71 + 72 — 7,7, d]],
where d > min{2dy,d1} and 0 < r < ky + ko + 71 + 72,
which proves the claim. |

We can recall the trace alternative product between two
codewords of a classical code and the proof of Theorem [29
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can be stated as follows.

Lemma 30. Let Q1 and Q5 be two pure subsystem codes with
parameters [[n, k1,71, d1]]q and [[n, ka, T2, d2]],, respectively.
If Q2 C Qn, then there exists an [[2n, k1 +ka, 714712, d]], pure
subsystem code with minimum distance d > min{dy, 2ds}.

Proof: Existence of the code (); with parameters
[[n, K;, R;,d;]]q implies existence of two additive codes C;
and D; for i € {1,2} such that |C;| = ¢"R;/K; and
|DZ" = |CU CLS| = q”/RiKi.

We know that there exist additive linear codes D; C Df“’,
D; C C;, and D; C Cil“. Furthermore, D; = C; N Cf“ and
d; = wt(D;=*\C}). Also, C; = ¢+ =% and |D| = ¢~ %,

Using the direct sum definition between to linear codes, let
us construct a code D based on Dy and D, as

D ={(u,u+v) |ue Dy,ve Dy} <FZ.

The code D has size of |D| = g2~ (ritrztkithz)=[Duf[Dz],
Also, we can define the code C based on the codes C; and
Cy as

C={(a,a+b)|aeCy,beCy} <F.
The code C is of size |C] = |C||Cy| = ¢?ntrtrz—Fi—kz
But the trace-alternating dual of the code D is
Dre = {(u +4'|,v) | u' € Di*,v" € Dye}.

We notice that (u’'+v',v") is orthogonal to (u, u+v) because,
from properties of the product,

(u| v +0)e+{ut+v]v),
0

((w,u+v) | (@ +0,0))a

holds for u € Dy,v € Dy, v/ € Di*, and v/ € Dy,
Therefore, D C D1« is a self-orthogonal code with respect
to the trace alternating product. Furthermore, Ct« = {(a’ +
V) | o € CT, b € C3}. Hence, C N CLe = {(a,a +
b) N (aa + b',b')} = D. Therefore, there exists an F-linear
subsystem code () = A ® B with the following parameters.

)
K

Al = ¢*"/(|C||D)'/?
q2n

V(2" R Ry /K1 K2)(q*" /K1 K2R Ry)

an

\/q2n+r1+r2—k1—k2 an—rl —ro—k1—ko

""" = K\ K».

.. C
i) R = ({52 = RiRs.
iii) the minimum distance is a direct consequence.

Theorem 31. If there exist two pure subsystem quantum
codes Q1 and Qo with parameters [[ni,ky1,7m1,d1]]q and
[[n2, ka, T2, d2]]q, respectively. Then there exists a pure subsys-
tem code Q' with parameters [[n1+na, k1 +ko+r1+ro—r, 1, >
min(dy, d2)]]q-

Proof: This Lemma can be proved easily from [1, The-
orem 5.] and [12, Lemma 73.]. The idea is to map a pure
subsystem code to a pure stabilizer code, and once again map
the pure stabilizer code to a pure subsystem code. |

Theorem 32. If there exist two pure subsystem quantum
codes Q1 and Qa with parameters [[ni,ki,71,d1]]q and
[[n2, ka2, T2, d2]]q, respectively. Then there exists a pure sub-
system code Q' with parameters [[n1 +nz, k1 + ka,r1 + 72, >
min(dl,dg)ﬂq.

Proof: Existence of the code (); with parameters
[[n, K;, R;,d;]]q implies existence of two additive codes C;
and D; for ¢ € {1,2} such that |C;|] = ¢"R;/K; and
|DZ‘ = |CU CLS| = qn/RZKZ
Let us choose the codes C' and D as follows.

0201@02:{’(1/0|’0601,’U€CQ},

and
D:Dl@DQZ{ab|a€D1,b602},

respectively. From this construction, and since D; and Do
are self-orthogonal codes, it follows that D is also a self-
orthogonal code. Furthermore, D; C C7 and Dy C Cs, then

D, ® Dy CC) @ Cs,
hence D C C. The code C' is of size

|C] |C1]|Co| = q(n1+”2)_(k1+k2)+(m+r2)

¢ q"*R1Ry /K1 K>
and D is of size

D] Dy || Dy| = q(mitne)=(hatha)=(rra)

qn1qn2 /R1R2K1K2'
On the other hand,
Ot = (L@ Co)t = C3* ®C1" 2 D2 @ Dy

Furthermore, C' N C+ = (Cy @ Cy) N (Cy= N Ci*) = D.
Therefore, there exists a subsystem code ) = A ® B with
the following parameters.

i)

K = |A=q""/(C||D])"?
qn1+7l2
a V(@2 Ry Ry /K1 Ko) (g™ 2 [ K1 K2 Ry Ry)
ni+na
q

\/qn1+n2+7“1+?”2*k1*k2qn1+n2*T1*T2*k1*k2
qklkz = K1K2 = |A1||A2|

ii)

- <\D\ quq™2 /R Ry K Ko
RiRs = |By||Ba|.

|C|>1/2:\/Q”ICI"23132/K1K2
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iii) the minimum weight of D++\C is at least the minimum
weight of DF-*\C} or Dy*\Cs.

d = min{swt(DlL"\C1)7(DQLS\C2)}
min{dy,ds}.

Y

Theorem 33. Given two pure subsystem codes Q1 and Qo
with parameters [[ni,ki,71,d1]lq and [[ng, ka,72,ds)]q, re-
spectively, with ko < ny. An [[n1 +ng — ko, k1 + 71 + 72 —
r,r,d))y subsystem code exists such that d > min{dy,d; +
dy —ko} and 0 <r <k +r1+ro.

Proof: The proof is a direct consequence as shown in the
previous theorems. |

Theorem 34. If an ((n,K,R,d))ym pure subsystem code
exists, then there exists a pure subsystem code with parameters
((nm, K, R,> d))q. Consequently, if a pure subsystem code
with parameters ((nm, K, R,> d)), exists, then there exist a
subsystem code with parameters ((n, K, R,> |d/m]))gm..

Proof: Existence of a pure subsystem code with para-
meters ((n, K, R,d)),~ implies existence of a pure stabilizer
code with parameters ((n, KR, d))q,~ using [I, Theorem 5.].
By [12, Lemma 76.], there exists a stabilizer code with
parameters ((nm, KR, > d)),. From [1, Theorem 2,5.], there
exists a pure subsystem code with parameters ((nm, K, R, >
d)), that proves the first claim. By [12, Lemma 76.] and [,
Theorem 2,5.], and repeating the same proof, the second claim

is a consequence. |
n\k k-1 [ k [ k+l
n-1 [r, < d]q <r—1.dq [rd—1],
n (> rdg [r,>dg | [rdlq = [<r,>d]g [<r.d]g
- [2 L S d}q
n+l1 >r>dqg >rdg,[r,>dqg
TABLE V

EXISTENCE OF SUBSYSTEM PROPAGATION RULES

VIII. TABLES OF UPPER BOUNDS

In this section we investigate tables of upper bounds on
subsystem code parameters.

IX. SPECIAL AND SHORT SUBSYSTEM CODES [[8,1,2, 3]]2
AND [[6,1,1,3]]3

In this section we present the shortest subsystem codes
over Fy and F3 fields. Corollary ?? implies that a stabilizer
code with parameters [[n, k, d]], gives subsystem codes with
parameters [[n,k —r,7,d]],, see Tables LI, [I1I, IV 4l

Consider a stabilizer code with parameters [[8, 3, 3]]2. This
code can be used to derive [[8,2,1,3]]2 and [[8,1,2,3]]2
subsystem codes. We give an explicit construction of these
codes. Further, we claim that [[8, 1, 2, 3]]2 and [[8, 2, 1, 3]]2 are
the shortest nontrivial binary subsystem codes. We obtain these
codes using MAGMA computer algebra search . It remains
to study properties of these codes and whether they have
nice error correction capabilities. We show the stabilizer and

normalizer matrices for these codes. Also, we prove their
minimum distances using the weight enumeration of these
codes. It was known that the [[9, 1,4, 3]]2 Becan-Shor code is
the shortest subsystem code constructed via graphs, in which
it tolerates 4 gauge qubits. We present two codes with less
length, however we can not tolerate more than 2 gauge qubits.
The following example shows [[8,1,2,3]] short subsystem
code over Fs.

Example 35.
X I Y I z Y X Z]

Y I 'Y X I Z Z X
Ds=|1 X Y Y Z X Z 1 (5)
I' Y I ZY X X Z
I I X Z XY Z Y |
(X I I I I I Z Y]

Y I I I I Y X X
I X I I I Y Y X
Iy I I I I X Z
I I X I 1Y 7z I
Di=|1 1 Y I I I Z X (6)
I I I X I Y I Z
I I I Y I Y Y Y
I I I I X 1Y Z
I I I I Y'Y Z Z
I I I I I Z X Y |
(X I Y I Z Y X Z]

Y I 'Y X I Z Z X
I XYY Z X 7z I
Cs=| 1 Y I Z Y X X Z (7)
I I X Z XY Z Y
Y I I I I Y X X
I X I I I Y Y X |
(X I Y I 7z Y X Z]

Y I Y X I Z Z X
I XYY Z X Z I
Ci=|1 Y I ZY X X Z (8)
I I X Z XY Z Y
X I I I I I Z Y
I I I Y I Y Y Y|

We notice that the matrix Dg generates the code D = C'N
C*+. Furthermore, dimensions of the subsystems A and B are
given by k = dim D*s —dimC = (11 - 7)/2 =2 and r =
dim C —dim D = (7—5)/2 = 1. Hence we have [[8,2,1,3]]2
and [[8,1,2,3]]2 subsystem codes.

We show that the subsystem codes [[8,1,2,3]]2 is not
better than the stabilizer code [[8, 3, 3]]2 in terms of syndrome
measurement. The reason is that the former needs 8—1—-2 =5
syndrome measurements, while the later needs also 8 —3 =5
measurements. This is an obvious example where subsystem
codes have no superiority in terms of syndrome measurements.

We post an open question regarding the threshold value and
fault tolerant gate operations for this code. We do not know
at this time if the code [[8,1, 2, 3]]2 has better threshold value
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and less fault-tolerant operations. Also, does the subsystem
code with parameters [[8, 1, 3, 3]]2 exist?

No nontrivial [[7,1,1,3]]> exists. There exists a trivial
[[7,1,1,3]]2 code obtained by simply extending the [[7, 1, 3]]2
code as the [[5, 1, 3]]2 code. We show the smallest subsystem
code with length 7 must have at most minimum weight
equals to 2. Since [[7, 2, 2]]2 exists, then we can construct the
stabilizer and normalizer matrices as follows.

X X X X 1 I 1
Y Y Y'Y I I I
Ds=|1 1 I I X I I ©)
I I I I I X I
I I I I I I X |
X I I X I I I
Y I I Y I I I
I X I X I I I
I Y 1Y I I I
Di=|1 1 X X I I I (10)
I I Y Y I I I
I I I I X I I
I 1T I I I X I
7 1 I I I I X |

Clearly, from our construction and using Corollary ??, there
must exist a subsystem code with parameters k£ and r given as
follows. dim D++ = 9/2 and dim C = 7/2. Also, dim D =
5/2 and min(D++\C) = 2. Therefore, , k = (9 —7)/2 =1
and r = (7 — 5)/2 = 1. Consequently, the parameters of the
subsystem code are [[7,1,1, 2]]o.

This example shows [[6,1, 1, 3]] short subsystem code over
Fs.

Example 36. We give a nontrivial short subsystem code
over Fs. This is derived from the [[6,2,3]]s graph quantum
code, see [S] for existence results and [10] for a method to
construct the code. Also, we showed an example earlier for
an [[6,1, 1, 3]] subsystem code over F;. Consider the field F
and let C C Fi? be a linear code defined by the following
generator matrix.

1000 2 0/0 2 0 2 0 2
01 0 0O0 2|1 01010 g
= 0 01 0 2 0|01 0101 o
00010 2(2020 20 Zl
000O0T1O0[020T1T00 !
0 000 O0O0Oj]1 01 010
Let the symplectic inner product {(a|b)|(c|d))s =a-d—1b-c.

Then the symplectic dual of C is generated by

S
CJ‘S: X27
Z
where X, = [0 0 0 0 0 1]1 0 2 0 0 0]
and
Zy =000 00 0/0 10 1 0 1] The

matrix S generates the code D = C N C*<. Now D defines a

[[6,2, 3]]3 stabilizer code [8| Theorem 3.1] and [l10, Theorem 1
and Equation (15)]. Therefore, swt(D++ \ D) = 3. It follows
that swt(D+s \ C) > swt(D+¢) = 3. By [2, Theorem 4], we
have a [[6, (dim D+s — dim C)/2, (dim C — dim D)/2, 3]]3
viz. a [[6,1, 1, 3]]3 subsystem code.

We can also have a trivial [[6, 1,1, 3]]2 code. This trivial
extension seems to argue against the usefulness of subsystem
codes and if they will really lead to improvement in perfor-
mance. An obvious open question is if there exist nontrivial
[[6,1,1,3]]2 or [[7,1,1,3]]> subsystem codes.
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TABLE VI. Upper bounds on subsystem code parameters using linear programming, ¢ = 2
n/k k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11 k=12
n=>5 3,2), (1,2), 2,h (1,1
4,1) 3,1)
n=6 (1,3), (3,2), (1,2), (2,1 (1,1)
4,2), 4,1) 3,
(GNY)
n=7 (3,3), 4,2), 3,2, (1,2), (2,1) (1,D
5,2), (GR)) 4, @3.D
6,1)
n=8 4,3), (3,3), 4.2, 22, (12 (2,1) (1,1)
(6,2), (5,2), G,D 4,1 ,(3,1)
7,1 (6,1)
n=9 2,4) 4,3) (2,3) 4,2) 2,2) (1,2) 2,1) (1,n
(6,3) (6,2) (5.2) (GR)) “4,1) @3,D
(7,2) (7,1) (6,1)
8.1
n=10 4.4 24) 4,3) (1,3) 4,2) 2,2) (1,2) 2,h (1,1)
(7,3) (6,3) (6,2) 5,2) (GAY) 4,1 3,1
(8,2) (7,2) 7,1 6,1)
9.1 (8,1)
n=11 (2,5) 4.4) 24 3.,3) (1,3) 3,2) 2,2) (1,2) 2,1) (1D
5.4) (7,3) (5,3) 6,2) 5,2) 6,D 4,1) @3,D
(8,3) (8,2) (7,2) 7,1 (6,1)
9,2) ©,1) 8,1
(10,1)
n=12 (€))] (1,5) 4,4 (1,4 3.,3) (1,3) 3.,2) 2,2) (1,2) 2,n (1,1)
(7,4) (6,4) (7,3) (5,3) (6,2) (5,2) 5,1) 4,1) 3,1)
9.3) (8.,3) 8.2) (7,2) (7,1) 6,1)
10,2)  (9,2) 9,1) 8,1)
(11,1) (10,1
n=13 (1,6) 3.5) 5.4 34 (1,.4) 3.,3) 5,2) 3,2) 2,2) (1,2) 2,1) (1D
(5.5) (7,4) (8,3) (6,3) 4,3) (6,2) (6,1) 5,1) 4,1) 3,1)
(8.4) 9,3) 9,2) (8,2) (7,2) @,
(10,3) (10,2) (10,1) (9,1) (8,1)
11,2) (11,1
12,1)
n=14 (3,6) (8,4) (6.4) 5.4) (3,4) 4,3) (2,3) 5,2) 3,2) (2,2) (1,2) 2,1)
(6.5) (10,3)  (9,3) (7,3) (6,3) (7,2) (6,2) 6,1) (GR)) 4, 3.1
9,4) (11,2) (10,2) (9,2) (8,2) 8,1) (7,1)
11,3) (12,1 11,1 ao,1)  O,1)
12,2)
(13,1)
n=15 (5,6) (3,6) 4.5) 2,5 4.4 24 4,3) 2,3) 4,2) 3,2) 2,2) (1,2)
(8,5) (7,5) 8.4) (6,4) (7,3) (6,3) (7,2) (6,2) (6,1) 5,1) 4,1) (3,1)
104) (94 (10,3)  (9,3) 9,2) 8.,2) (8,1) (7,1)
12,3 (11,3) (11,2) (@10,2) (10,1) (9,1)
(13,2) (12,2) (12,1) (11L,1)
14,1 (13,1

14
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n=16

n=17

(L7)
(6,6)
9.5)
(12.4)
(13.3)
(14,2)
(15,1)

4.7

(8,6)

(10.5)
(13.4)
(14,3)
(14,2)
(14,1)

(5.6)
(8.5)
(11,4)
(12.3)
(13,2)
(14,1

(1,7
(6,6)
9.5)
(12.4)
(13.3)
(13,2)
(15,1)

(2,6)
(6,5
(10,4)
(11,3)
(12,2)
(13,1)

(4,6)
(7.5)
(11.4)
(12.3)
(13,2)
(14,1)

(4.5)
84
(10.3)
(11,2)
(11,1)

(1,6)
(6,5
9.4)
(11,3)
(12,2)
(13,1)

(1,5)
(6,4)
(8,3)
(10,2)
(11,1

(3.5)
(7.4)
(10.3)
(11,2)
(11,1

4.4
(7.3)
9,2)
(10,1)

(54
(8,3)
(10,2)
(10,1)

24
(5.3)
(8,2)
O.1)

4.4
(7.3)
9,2)
(10,1)

4.3)
(7.2)
8,1

24
(5.3)
(8,2
9.1

(2,3)
(6,2)
(6,1)

4.3
(7.2)
3,1

4.2)
(6,1)

(1,3)
(6,2)
(7.1)

(3,2)
(5.1)

4.2)
(5.1)

22
4.1)

(3.2
4.1)
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TABLE VII. Upper bounds on subsystem code parameters using linear programming, ¢ = 3
n/k k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11 k=12
n=5 3.,2) 2,2) 2,h

4,1) 3,1)
n=6 2,3) 3.2) (1,2) 2,1
4,2) 4,1) 3,1
5.
n= 4,3) 2,3) 2,2) (1,2) 2,1)
(5,2) 3,2) 4,1) 3,1)
4,1 4,1)
n=8 (3.4) (2,3) (2,3) (3,2) (1,2) 2,1) (1,1)
(5.3) 5.,2) 4,2) 4,1 3.1
(6,2) 5,1) (GHY]
(GNY)
n=9 4.4) 2,4) 3,3) (1,3) 3.,2) (1,2) (1,1)
(6,3) 4,3) 5,2) 4,2) 4,1) @3,D
(7,2) (6,2) (6,1) 4,1
(6,1) (GR))
n=10 (3.5) 4.4) 24 3.,3) (1,3) 2,2) (1,2) 2,D (1,1)
(6,4) (5,3) (5,3) 5,2) 4,2) 4,1 3.1
(7,3) (7,2) (6,2) 6,1) (GA))
8,2) 8,1) 7,1
O.h
n=11 (5.5) (2,5) 4.4) 1,4) 3.3) (1,3) (1,2) (1,2) 2,1)
(7.4) (6,4) 6,3) 4,3) 5,2) 4,2) 4,1) 2,h
(8,3) (7,3) (7,2) (6,2) (6,1) 5,1)
9,2) (8,2) @, 7,1
1o, O,
n=12 3,6) 4.,5) 2,5 34 (1,.4) 2,3) 4,2) 2,2) (1,2)
(6,5) (7,4) 5.4 (6,3) 3,3) 5,2) 5,1) 3,1)
8.4) 9,3) (7,3) (7,2) (6,2) 6,1)
(10,3) (6,2) 8,2) 8,1) (7,1)
®2 O ©OD

(10,1)

16



